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Basic issue in exploring new theories  
using the lattice

handle the scales (lattice spacing, “quark” masses, dynamical scale).

chiral extrapolation/interpolation
continuum extrapolation

Tuning the bare dimensionless couplings, we have to

And there is the finite lattice size, just to add to the complication… 



Exploring the non-thermal phase structure

• Important for simulations and the continuum limit. 

• See Jong-Wan Lee’s talk.

G. Parisi, in Field Theory, Disorder and Simulations

Let me describe a typical computer simulation:
…The first thing to do is to look for phase transitions.
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Scale setting

• Converting from lattice to “physical” units. 

• For extrapolating to the continuum limit. 

• Modern popular method: the gradient flow.

Determining the lattice spacing
The Gradient Flow

¥ “Diffusion” of the gauge fields:

                                                                             

¥ The radius of diffusion is 

¥ Local operators are also diffused.
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whereAµ is the fundamental gauge Þeld in QCD (see appendix A for unexplained notation;
differentiation with respect to the Òßow timeÓt is abbreviated by a dot). Evidently, for
increasing t and as long as no singularities develop, the ßow equation (1.1) drives the
gauge Þeld along the direction of steepest descent towards the stationary points of the
Yang-Mills action.

In lattice QCD, the simplest choice of the action of the gaugeÞeldU(x, µ) is the Wilson
action [1]

Sw(U) =
1
g2

0

!

p

Re tr{1 ! U(p)}, (1.3)

where g0 is the bare coupling, p runs over all oriented plaquettes on the lattice andU(p)
denotes the product of the link variables aroundp. The associated ßowVt(x, µ ) of lattice
gauge Þelds (the ÒWilson ßowÓ) is deÞned by the equations

úVt(x, µ ) = ! g2
0 {∂x,µSw(Vt)}Vt(x, µ ), Vt(x, µ )|t=0 = U(x, µ), (1.4)

in which ∂x,µ stands for the natural su(3)-valued differential operator with respect to the
link variable Vt(x, µ ) (see appendix A). The existence, uniqueness and smoothness of the
Wilson ßow at all positive and negative times t is rigorously guaranteed on a Þnite lat-
tice [2]. Moreover, from eq. (1.4) one immediately concludes that the action Sw(Vt) is a
monotonically decreasing function oft. The ßow therefore tends to have a smoothing effect
on the Þeld and it is, in fact, generated by inÞnitesimal Òstout link smearingÓ steps [3].

The Wilson ßow previously appeared in ref. [4] in the context of trivializing maps of
Þeld space. Familiarity with this paper is not assumed, but some mathematical results
obtained there will be used here again. An important goal in the following is to Þnd out
whether the expectation values of local observables constructed from the gauge Þeld at
positive ßow time can be expected to have a well-deÞned continuum limit. Evidence for
the existence of the limit is provided by performing a samplecalculation to one-loop order
of perturbation theory directly in the continuum theory, us ing dimensional regularization,
and through a numerical study of the SU(3) gauge theory at three values of the lattice
spacing. Two applications of the Wilson ßow are then discussed, one concerning the scale-
setting in lattice QCD and the other the question of how exactly the topological (instanton)
sectors emerge when the lattice spacing goes to zero.

2 Properties of the Wilson flow at small coupling

The aim in this section partly is to show that the Wilson ßow can be studied straight-
forwardly in perturbation theory and partly to check that th e expectation values of local
gauge-invariant observables calculated at positive ßow time are renormalized quantities.

For simplicity the perturbation expansion is discussed in the continuum theory using
dimensional regularization. The gauge group is taken to be SU(N ) and it is assumed that
there are Nf ßavours of massless quarks. As a representative case, the observable

E =
1
4

Ga
µ! Ga

µ! (2.1)
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whereAµ is the fundamental gauge Þeld in QCD (see appendix A for unexplained notation;
differentiation with respect to the Òßow timeÓt is abbreviated by a dot). Evidently, for
increasing t and as long as no singularities develop, the ßow equation (1.1) drives the
gauge Þeld along the direction of steepest descent towards the stationary points of the
Yang-Mills action.

In lattice QCD, the simplest choice of the action of the gaugeÞeldU (x, µ) is the Wilson
action [1]

Sw(U ) =
1
g2
0

∑

p

Re tr{ 1− U (p)} , (1.3)

where g0 is the bare coupling, p runs over all oriented plaquettes on the lattice andU (p)
denotes the product of the link variables aroundp. The associated ßowVt(x, µ) of lattice
gauge Þelds (the ÒWilson ßowÓ) is deÞned by the equations

úVt(x, µ) = −g2
0 { ! x,µSw(Vt)} Vt(x, µ), Vt(x, µ)|t=0 = U (x, µ), (1.4)

in which ! x,µ stands for the natural su(3)-valued differential operator with respect to the
link variable Vt(x, µ) (see appendix A). The existence, uniqueness and smoothness of the
Wilson ßow at all positive and negative times t is rigorously guaranteed on a Þnite lat-
tice [2]. Moreover, from eq. (1.4) one immediately concludes that the action Sw(Vt) is a
monotonically decreasing function oft. The ßow therefore tends to have a smoothing effect
on the Þeld and it is, in fact, generated by inÞnitesimal Òstout link smearingÓ steps [3].

The Wilson ßow previously appeared in ref. [4] in the context of trivializing maps of
Þeld space. Familiarity with this paper is not assumed, but some mathematical results
obtained there will be used here again. An important goal in the following is to Þnd out
whether the expectation values of local observables constructed from the gauge Þeld at
positive ßow time can be expected to have a well-deÞned continuum limit. Evidence for
the existence of the limit is provided by performing a samplecalculation to one-loop order
of perturbation theory directly in the continuum theory, us ing dimensional regularization,
and through a numerical study of the SU(3) gauge theory at three values of the lattice
spacing. Two applications of the Wilson ßow are then discussed, one concerning the scale-
setting in lattice QCD and the other the question of how exactly the topological (instanton)
sectors emerge when the lattice spacing goes to zero.

2 Properties of the Wilson flow at small coupling

The aim in this section partly is to show that the Wilson ßow can be studied straight-
forwardly in perturbation theory and partly to check that th e expectation values of local
gauge-invariant observables calculated at positive ßow time are renormalized quantities.

For simplicity the perturbation expansion is discussed in the continuum theory using
dimensional regularization. The gauge group is taken to be SU(N ) and it is assumed that
there are Nf ßavours of massless quarks. As a representative case, the observable

E =
1
4
Ga

µνGa
µν (2.1)
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and so on. In particular, in D dimensions the leading-order equation implies

Bµ,1(t, x) =

!
dD y Kt(x − y)Aµ(y), (2.11)

Kt (z) =

!
dD p

(2π)D eipz e−tp2

=
e−z2/ 4t

(4πt)D/ 2
, (2.12)

which shows explicitly that the flow is a smoothing operation. More precisely, the gauge

potential is averaged over a spherical range in space whose mean-square radius in four

dimensions is equal to
√

8t.

The higher-order equations (2.7) can be solved one after another by noting that

Bµ,k (t, x) =

! t

0
ds

!
dD y Kt−s(x − y)Rµ,k (s, y). (2.13)

Recalling eqs. (2.9),(2.10), it is clear that this formula generates tree-like expressions, where

the fundamental field Aµ is attached to the endpoints of the trees.

2.3 Expansion of ⟨E⟩

When the series (2.6) is inserted in

⟨E⟩ =
1

2
⟨∂µBa

ν∂µBa
ν − ∂µBa

ν∂νBa
µ⟩ + fabc⟨∂µBa

νBb
µBc

ν⟩ +
1

4
fabef cde⟨Ba

µBb
νB

c
µBd

ν⟩, (2.14)

a sequence of terms of increasing order in g0 is obtained. The lowest-order term is

E0 =
1

2
g2
0⟨∂µBa

ν,1∂µBa
ν,1 − ∂µBa

ν,1∂νB
a
µ,1⟩ (2.15)

and the terms at the next order are

E1 = g3
0f

abc⟨∂µBa
ν,1B

b
µ,1B

c
ν,1⟩, (2.16)

E2 = g3
0⟨∂µBa

ν,2∂µBa
ν,1 − ∂µBa

ν,2∂νB
a
µ,1⟩. (2.17)

Each of these terms is a power series in the gauge coupling, which may be worked out by

expressing the coe! cients Bµ,k (t, x) through the fundamental field Aµ(x) and by expanding

the correlation functions of the latter using the standard Feynman rules.

In practice it is advantageous to pass to momentum space by inserting the Fourier

representations

Ba
µ,1(t, x) =

!

p
eipx e−tp2

Ãa
µ(p), (2.18)

Ba
µ,2(t, x) = ifabc

! t

0
ds

!

q,r
ei (q+r )xe−s(q2+r 2)−(t−s)(q+r )2

×
"

δµλrσ − δµσqλ +
1

2
δσλ(q − r)µ

#
Ãb

σ(q)Ãc
λ(r), (2.19)
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and so on. In particular, in D dimensions the leading-order equation implies

Bµ,1(t, x) =
∫

dD y Kt (x − y)Aµ(y), (2.11)

Kt (z) =
∫

dD p

(2! )D eipz e! tp2
=

e! z2/ 4t

(4! t)D/ 2
, (2.12)

which shows explicitly that the ßow is a smoothing operation. More precisely, the gauge
potential is averaged over a spherical range in space whose mean-square radius in four
dimensions is equal to

√
8t.

The higher-order equations (2.7) can be solved one after another by noting that

Bµ,k (t, x) =
∫ t

0
ds

∫

dD y Kt ! s(x − y)Rµ,k (s, y). (2.13)

Recalling eqs. (2.9),(2.10), it is clear that this formula generates tree-like expressions, where
the fundamental ÞeldAµ is attached to the endpoints of the trees.

2.3 Expansion of ⟨E⟩

When the series (2.6) is inserted in

⟨E⟩ =
1
2
⟨" µBa

! " µBa
! − " µBa

! " ! Ba
µ⟩ + fabc⟨" µBa

! Bb
µBc

! ⟩ +
1
4
fabef cde⟨Ba

µBb
! Bc

µBd
! ⟩, (2.14)

a sequence of terms of increasing order ing0 is obtained. The lowest-order term is

E0 =
1
2
g2
0⟨" µBa

! ,1" µBa
! ,1 − " µBa

! ,1" ! Ba
µ,1⟩ (2.15)

and the terms at the next order are

E1 = g3
0f

abc⟨" µBa
! ,1B

b
µ,1B

c
! ,1⟩, (2.16)

E2 = g3
0⟨" µBa

! ,2" µBa
! ,1 − " µBa

! ,2" ! Ba
µ,1⟩. (2.17)

Each of these terms is a power series in the gauge coupling, which may be worked out by
expressing the coefficients Bµ,k (t, x) through the fundamental Þeld Aµ(x) and by expanding
the correlation functions of the latter using the standard Feynman rules.

In practice it is advantageous to pass to momentum space by inserting the Fourier
representations

Ba
µ,1(t, x) =

∫

p
eipx e! tp2 ÷Aa

µ(p), (2.18)

Ba
µ,2(t, x) = ifabc

∫ t

0
ds

∫

q,r
ei (q+r )x e! s(q2+r 2)! (t ! s)(q+r )2

×
{

#µ" r# − #µ#q" +
1
2

##" (q − r)µ

}

÷Ab
#(q) ÷Ac

" (r), (2.19)
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Yang–Mills gradient flow M. Lüscher

Figure 1: Local fields Ot(x) constructed at flow time t > 0 depend on the fundamental field variables in a
region of space-time approximately 2

√
8t wide (red area). Further away from the point x, the sensitivity to

the basic fields decreases like a Gaussian and very rapidly becomes totally negligible.

The smoothing property of the gradient flow and the associated quark flow implies that correla-
tion functions of fields at non-zero flow times have no short-distance singularities. Renormalization
is nevertheless required, but turns out to be extremely simple. Explicitly, if Ot(x) is a bare, gauge-
invariant composite field at flow time t > 0 of degree n and  n in the quark and antiquark fields, the
renormalized field is given by

OR,t = (Zχ)
1
2 (n+  n)Ot , (2.9)

where the renormalization constant Zχ is independent of t. In particular, the field (2.7) does not
require renormalization and the chiral densities (2.8) renormalize with the same factor Zχ .

The proof of these statements [2, 3] is based on an exact representation of the correlation
functions through a local field theory in 4+1 dimensions, the extra dimension being the flow time.
Zinn–Justin and Zwanziger [8] introduced the representation many years ago in their work on the
renormalization of the Langevin equation. In the pure gauge theory, the latter actually coincides
with the flow equation (2.1) except for the fact that it includes a noise term, which complicates the
situation and requires a renormalization of the Langevin time, for example.

3. Chiral condensate

In lattice QCD, the expectation value of the scalar density  uu+  dd of the up and down quarks
diverges like the second or third inverse power of the lattice spacing when the continuum limit is
taken. The divergent terms are proportional to the light-quark masses if the lattice theory preserves
chiral symmetry, but also in these cases their subtraction tends to give rise to important significance
losses or even some conceptual issues. Using the gradient flow, this problem can now be elegantly
bypassed [3].

3.1 Flow-time dependent condensate

Since the flow equations are chirally invariant, the quark field at non-zero flow times, χ(t,x),
transforms in the same way as the fundamental field ψ(x) under global chiral rotations. In particu-
lar, the light-quark chiral densities

Srst ±Prst , r,s ∈ {u,d}, (3.1)

4

Figure taken from M.Luscher, Lattice 2013
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i.e., to leading order the Wilson flow is the heat flow. We also observe that di↵erent

momentum modes do not couple to each other at this order. Together with the fact that

the zero momentum mode B0(0, x0, t) does not contribute to the observable of interest,

E(t) = 1
4Gµ! Gµ! , we can safely neglect the special treatment that the boundary conditions

of the zero momentum mode B0(0, x0, t) would otherwise require in the following discussion.

We have to solve the heat equation respecting the boundary conditions (2.14). This is

easily done by using appropriate heat kernels

B̃

k,1(p, x0, t) = e

! p

2
t

!
T

0
dx"

0 K
D(x0, x

"
0, t)Ãk

(p, x"
0) , (2.19a)

B̃0,1(p, x0, t) = e

! p

2
t

!
T

0
dx"

0 K
N (x0, x

"
0, t)Ã0(p, x

"
0) (p != 0) . (2.19b)

Since the boundary conditions of the field B̃

µ,1(p, x0, t) are inherited from the boundary

conditions of the heat kernels, we have to choose them with the correct boundary condi-

tions. Heat kernels with either Dirichlet (KD(x, x"
, t)) or Neumann (KN (x, x"

, t)) boundary

conditions can be constructed from the basic periodic (KP (x, x"
, t)) heat kernel in [0, L]

given by

K

P (x, x"
, t) =

1

L

"

p

e

! p

2
t

e

ıp(x! x

0)
,

#
p =

2! n
L

; n " Z
$

. (2.20)

Explicit expressions are given in appendix B.

Our observable, the energy density #E(t, x0)$, has an expansion in powers of g0. The

leading contribution is given by

E0(t, x0) =
g

2
0

2
#"

µ

B

a

! ,1"
µ

B

a

! ,1 %"
µ

B

a

! ,1" ! B
a

µ,1$. (2.21)

We are going to split the computation in two parts, one involving only the spatial compo-

nents of G
µ! , and the other involving the mixed time-space components of G

µ!

Es

0(t, x0) =
g

2
0

2
#"

i

B

a

k,1"
i

B

a

k,1 %"
i

B

a

k,1"
k

B

a

i,1$, (2.22)

Em

0 (t, x0) =
g

2
0

2
#" 0B

a

k,1" 0B
a

k,1 %" 0B
a

k,1"
k

B

a

0,1$. (2.23)

Inserting for instance expression (2.19) into (2.22) we obtain

Es

0(t, x0) = %
g

2
0

2L6

"

p,q

e

! t(p2+ q

2)
e

ı(p+ q)x
!

T

0
dx"

0dy
"
0 K

D(x0, x
"
0, t)K

D(x0, y
"
0, t)

&
%
p

i

q

i

#Ãa

k

(p, x"
0)Ã

a

k

(q, y"
0)$ %p

i

q

k

#Ãa

i

(p, x"
0)Ã

a

k

(q, y"
0)$

&
. (2.24)

The final result is obtained inserting the SF gluon propagator [31, 32]. Since our observable

is invariant under gauge transformations of the A
µ

(x) field we will use the Feynman gauge,

where the expression for the gluon propagator turns out to be more easy (for additional

details see appendix C).3

#Ãa

i

(p, x0)Ã
b

k

(q, y0)$= L

3#
ab

#
ik

#
p,! q

1

T

"

p0

s

p0(x0)sp0(y0)

p2 +
'
p0
2

( 2 +O(g2
0) . (2.25)

3We have checked that the result is independent of the gauge choice.
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the Þelds over a region of radius
!

8t. The somewhat surprising result of [18, 27] is that
correlation functions made of this smoothed Þeld have a well-deÞned continuum limit.
In particular the energy density in SU(N ) Yang-Mills theory in inÞnite volume has the
perturbative behavior

"E (t)#=
1
4

"Gµ⌫Gµ⌫#=
3(N 2 $ 1)g2

MS

128⇡2t2 (1 + c1g2
MS + O(g4

MS)) . (2.3)

At a scale µ = 1 /
!

8t, c1 is a numerical constant andgMS(µ) is the renormalized coupling
in the MS scheme. Therefore one can deÞne a running coupling constant↵(µ) from

t2"E(t)#=
3(N 2 $ 1)

32⇡
↵(µ) . (2.4)

These expressions are valid in inÞnite volume. What about the Schr¬odinger Functional?
The computation is completely analogous, but we have to impose the correct boundary
conditions to the gauge Þelds. As we have mentioned in the SF gauge Þelds are restricted
to a box of dimensionsL 3 %T. They are periodic in the three spatial directions and the
spatial components have Dirichlet boundary conditions at x0 = 0 and x0 = T. We are
going to work exclusively with zero boundary Þelds, which means

Bµ(x + ökL, t ) = Bµ(x, t ) , (2.5)

Bk(x, t )|x0=0 ,T = 0 . (2.6)

The ßow equation (2.1) has to be solved maintaining these boundary conditions at all ßow
times t. To apply the idea of Þnite-size scaling, as has previously been done in [23] in a
periodic box, one simply has to run the renormalization scale with the size of the Þnite
volume box given by L via

µ =
1

!
8t

=
1

cL
. (2.7)

Here c is a dimensionless constant that represents the fraction of the smoothing range over
the total size of the box. In this way the ßow coupling will not depend on any scale other
than L . The renormalization scheme will depend on the values ofc, ⇢ = T/L and1 x0/T

g2
GF (L ) = N�1(c,⇢, x0/T )t2"E (t, x 0)#

!
!
!
t= c2L 2/ 8

, (2.8)

whereN�1(c,⇢, x0/T ) will be computed in the next section in order to ensure

g2
GF = g2

0 + O(g4
0) . (2.9)

2.2 Continuum

Our computation follows the lines of [27]. First we consider the modiÞed ßow equation

dBµ

dt
= D

⌫

G
⌫µ + ↵Dµ@⌫B

⌫

, Bµ(x, 0) = Aµ(x) . (2.10)

1
Note that in the SF the boundary conditions break the invariance under time translations. Therefore

!E(t, x0)" will depend explicitly on x0 .
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⌫
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⌫
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hE (t, x 0)i will depend explicitly on x0.
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To study the gradient flow in a field theory, one first adds an extra dimension, called flow

time and denoted by t, that can be regarded as the renormalisation scale. An important
point articulated by Lüscher is that a field theory defined initially with a cut-off can be
renormalised at non-vanishing flow time. In addition, choosing carefully the bulk equation
governing the gradient flow, the theory does not generate new operators along the flow time
(counter-terms), keeping the renormalisation of the five-dimensional theory simple.4

The Yang-Mills gradient flow of the gauge field Bµ(t, x) is implemented via the equation

dBµ(t, x)
dt

= DµGµ! (t, x) , with Bµ(t, x)|t=0 = Aµ(x), (4.1)

where Gµ! is the field strength tensor associated with Bµ(t, x), Dµ = ! µ + [ Bµ , á] the
corresponding covariant derivative, and Aµ(x) the initial gauge field in the four-dimensional
theory. Noticing that Eq. (4.1) describes a diffusion process, the flow time t therefore has
length-dimension two. It has been shown that to all orders in perturbation theory, any gauge
invariant composite observable constructed from Bµ(t, x) is renormalised at t > 0 [58]. In
particular, Lüscher demonstrated that the action density can be related to the renormalised
coupling, " (µ), at the leading order in perturbation theory through

" (µ) = k" t2hE(t)i ⌘ k" E(t) , (4.2)

with µ = 1!
8t

, and

E(t) = �1
2

Tr( Gµ! Gµ! ) . (4.3)

where the dimensionless constant k" is analytically computable [57]. Equation (4.2) can
actually serve as the definition of a renormalisation scheme. This scheme is now called the
gradient-flow (GF) scheme. Furthermore, since t2hE(t)i ⌘ E is proportional to the GF-
scheme coupling, this quantity can be used to set the scale. In other words, if one imposes
the condition,

E(t)|t= t0 = E0, (4.4)

where E0 is a constant that one can choose, then
p

t0 should be a common length scale,
assuming lattice artefacts are under control. In practice, one measures

p
t0 in lattice units.

That is, one computes
p

t0/a ⌘
p

öt0. This allows the determination of the ratio of lattice
spacings from simulations performed at different values of the bare coupling.

It is worth mentioning that the diffusion radius in Eq. (4.1) is
p

8t, and it is convenient
to define the ratio

c# =
p

8t/L, (4.5)

where L is the lattice size.
Given that the right-hand side of Eq. (4.1) is the gradient of the Yang-Mills action, the

most straightforward way to latticise Eq. (4.1) is5

! Vµ(t, x)
! t

= �g2
0

n

! x,µ S(ßow)
latt [Vµ ]

o

Vµ(t, x), Vµ(0, x) = Uµ(x), (4.6)

4See Ref. [59] for a choice of the ßow equation that induces the need for extra care of renormalisation in
the ! 4 scalar Þeld theory.

5The precise meaning of the Lie-algebra valued derivative " x,µ is given in Ref. [57].
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(counter-terms), keeping the renormalisation of the Þve-dimensional theory simple.4

The Yang-Mills gradient ßow of the gauge ÞeldBµ(t, x) is implementedvia the equation
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where Gµ! is the Þeld strength tensor associated withBµ(t, x), Dµ = @µ + [ Bµ, ·] the
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Figure 5 . The Wilson flow functions E(t) in Eq. (4.2) (left panel) and W(t) in Eq. (4.7) (right
panel) for N f = 2 , ! = 6 .9, m = �0.90 and L = 12, as a function of the flow time t, computed by
using the methods described in Sec. 4.1.

where Vµ(t, x ) is the gauge link at flow time t , and S(ßow)
latt is a lattice gauge action. Notice

that S(ßow)
latt does not have to be the same as the gauge action used in the Monte Carlo

simulations. In this work, we employ the Wilson flow where S(ßow)
latt is the Wilson plaquette

action.
The gradient flow serves as a smearing procedure for the gauge fields. This means the

larger the flow time, the smoother the resultant gauge configurations will be. In other words,
the larger the flow time is, the smaller the ultraviolet fluctuations of flown observables. On
the other hand, it also means the gauge fields becomes more extended objects as the flow
time grows. This results in longer autocorrelation time, and makes the statistics worse.
Furthermore, having c⌧ > 0.5 can lead to significant finite-volume effects. These are issues
one would have to consider carefully when choosing a value for the constant E0 in Eq. (4.4).

The action density E(t) at non-vanishing flow time is obtained from the diffusion process
in Eq. (4.6), starting from the bare gauge fields. To further reduce the cut-off effects in the
scale-setting procedure, an alternative quantity was proposed in Ref. [60]. Define

W(t) ⌘ t
dE(t)

dt
. (4.7)

Then the scale can be set by
W(t)|t= w2

0
= W0, (4.8)

where W0 is again a dimensionless constant that one can choose.
On the lattice, the calculation of E(t) depends on a definition of Gµ⌫ , for which a variety

of choices are available. The most obvious is to associate it with the plaquette Uµ⌫ ; an
alternative is to define a four-plaquette clover, which has a greater degree of symmetry [57].
In the continuum, all definitions should become equivalent, and at finite lattice spacing
the relative difference between the two decreases at large t . The shape of E(t) at very
small t is dominated by ultraviolet effects, and so differs strongly between the two methods;
this introduces further constraints into the choice of E0. Figure 5 shows E(t) and W(t),
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where Vµ(t, x ) is the gauge link at ßow timet, and S(flow)

latt

is a lattice gauge action. Notice

that S(flow)

latt

does not have to be the same as the gauge action used in the Monte Carlo

simulations. In this work, we employ the Wilson ßow whereS(flow)

latt

is the Wilson plaquette
action.

The gradient ßow serves as a smearing procedure for the gauge Þelds. This means the
larger the ßow time, the smoother the resultant gauge conÞgurations will be. In other words,
the larger the ßow time is, the smaller the ultraviolet ßuctuations of ßown observables. On
the other hand, it also means the gauge Þelds becomes more extended objects as the ßow
time grows. This results in longer autocorrelation time, and makes the statistics worse.
Furthermore, having c! > 0.5 can lead to signiÞcant Þnite-volume e! ects. These are issues
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The action density E(t) at non-vanishing ßow time is obtained from the di! usion process

in Eq. (4.6), starting from the bare gauge Þelds. To further reduce the cut-o! e! ects in the
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alternative is to deÞne a four-plaquette clover, which has a greater degree of symmetry [57].
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Scale setting

c.f., mild quark-mass dependence in QCD

corresponds to small, but nonvanishing! . Any other value
of ! is also allowed and the resulting model thus inter-
polates between these two limits. For the details we refer
to Ref. [24].

Another case of immediate interest is the SIMPlest
composite model[37] for DM where, as shown in
Ref. [38], it is important to control the underlying dynam-
ics. By stretching chiral perturbation theory to its limit of
validity, the interesting phenomenological values for the
pion decay constant would be as low as 10 MeV with pion
masses of the order of 100 MeV. Besides the rescaling of
the pion decay constant, another major difference, when
compared to composite dynamics at the electroweak
scale, resides in the fact that the SIMP requires quite
massive pions.

For definiteness, below we present our results in units of
the EW scale with sinð! Þ ¼ 1 but the dependence on! can
be reinstated when needed. At the end we will also
comment on the results for the SIMPlest case.

III. SCALE SETTING

Following Ref.[54], we consider the following“Wilson
flow” equation for the gauge fields:

d
dt

Vtðx; " Þ ¼ −g20f ! x;" SGðVtÞgVtðx; " Þ with

Vt¼0ðx; " Þ ¼ Uðx; " Þ; ð9Þ

wheret denotes the fictitious flow“time,” Uðx; " Þ are the
gauge links, andSG is the plaquette gauge action. One
important property is that correlation functions at flow time
t > 0 are finite, when the four-dimensional theory is
renormalized as usual, and the flow thus maps gauge fields
into smooth, renormalized gauge fields[55]. Observables at
nonzero flow time can, in particular, be used to define a
scale, as shown in Ref.[54].

Two different scale-setting observables have been intro-
duced in the literature, known ast0 [54] and w0 [56]. In
terms ofEðtÞ, the action density at flow timet, they are
defined through the following equations:

EðtÞ ¼ t2EðtÞ; Eðt0Þ ¼ Eref; ð10Þ

WðtÞ ¼ t
d
dt

EðtÞ; Wðw2
0Þ ¼ Wref; ð11Þ

whereEref andWref are two dimensionless reference values.
In this work we will usew0 to set the scale. The value ofw0

obtained for each quark mass needs to be extrapolated to
the chiral limit to obtain a scalew#

0 for each lattice spacing.
We investigated finite-volume errors inw0 at the chosen

reference valueWref by comparing two simulations per-
formed on spacial sizesL ¼ 16 (mPSL ∼ 5.1) andL ¼ 32
(mPSL ∼ 8.4) at bare parametersm0 ¼ −0.75 and$ ¼ 2.2.
These values of the bare parameters were chosen to
correspond to one of the lightest points in our data set,
at a fine lattice spacing. The values ofw0 obtained are
w0ðL ¼ 16Þ ¼ 3.39ð6Þa and w0ðL ¼ 32Þ ¼ 3.36ð10Þa
which agree well within statistical errors, indicating that
finite-volume effects forw0 can be safely neglected for
mPSL > 5 within our numerical precision.

A. Determination of w!
0

In Fig.1 (left panel) we show our results forw0=afor the
four lattice spacings considered in this study as a function
of y2, wherey ¼ w0ðmPCACÞmPS. Here the reference value
chosen isWref ¼ 1. For all the points in Fig.1 we have
mPSL > 5.5 and are thus safe from finite-volume effects.

In order to extrapolate to the chiral limit, we use the
NNLO expansion in terms ofm2

PS which reads[57]

FIG. 1. Chiral behavior ofw0 as a function ofy2 in units of the lattice spacing (left panel) and in units ofw#
0 (right panel) forWref ¼ 1.

The data at four lattice spacings are displayed.

RUDY ARTHUR et al. PHYSICAL REVIEW D 94, 094507 (2016)

094507-4

SU(2) gauge group, two Dirac flavours
R. Arthur et al., 2016



! 0.92 ! 0.90 ! 0.88 ! 0.86

am

0.5

1.0

1.5

2.0

2.5

3.0

"
8
t 0

/a

! 0.92 ! 0.90 ! 0.88 ! 0.86

am

0.4

0.6

0.8

1.0

1.2

1.4

1.6

w
0
/a

Plaquette

Clover

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Figure 6 . The gradient flow scales t0 defined in Eq. (4.4) (left panel) and w0 defined in Eq. (4.8)
(right panel), normalised to the lattice spacing a, as a function of the fermion mass am (on the
horizontal axis), for various choices of the scales E0 and W0, and for the two choices of plaquette
or clover (as indicated in the legend).

calculated both via the plaquette and the clover. As anticipated from [60], the discretisation
e! ects are smaller in W(t) than E(t); this is visible in the splitting between plaquette and
clover curves being smaller in the W(t) case.6

In the continuum theory, Bµ(x) are elements of the Sp(4) gauge group; however, it is
possible that the finite precision of the computer could introduce some numerical artefact
that would cause the integrated Bµ(x) to leave the group. Since the integration is an initial
value problem, any such artefact introduced would compound throughout the flow, giving
potentially significant distortions at large flow time. For this reason we have introduced
the re-symplectisation procedure described in Appendix C after each integration step. We
find no appreciable di! erence between the flow with and without re-symplectisation.

We now proceed to set the values of E0 and W0, such that t0 and w0 avoid both the
regions of finite lattice spacing and finite volume artefacts. In order to obtain a single value
for the lattice spacing corresponding to a particular value of ! , and allow comparisons to be
drawn with pure gauge theory, we must also be in the vicinity of the chiral limit. Findings
in [60] indicate that when the fermions are light enough any mass dependence in w0 should
be small.

6The relative size of discretisation e! ects in two di ! erent observables can also depend on the actions
used in the Monte Carlo simulations and the implementation of the gradient ßow [ 61, 62], as well as the
ßow time [63].
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Scale setting

fermions too heavy?



First look at the spectrum



Well-established quantities

• PS, V and A mesons, masses and decay constants 

• Glueball spectrum. 

• Masses of spin-1/2 composite top-partner states  
(less well-established, no results yet).

(See Jong-Won Lee’s talk)



Less-simple things to do



Interesting but more challenging

• Width of the low-lying non-Goldstone mesons.  

• Fermion bilinear condensates.  

• Anomalous dimensions relevant to partial compositeness.

Finite-volume techniques a’la Luscher.

Eigenvalue distributions of the Dirac operator & RMT.

Step-scaling techniques a’la Luscher.



Decay widths
Luscher’s method in a nutshell

1. Elastic scattering phase shift from finite-volume Euclidean field theory 
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2. Fit to the Breit-Wigner form to describe the resonance 

1.1.

1.2.

1.3.

This function knows the finite-volume geometry 
Infinite-volume phase shift



State of the art calculation in QCD
C. Alexandrou et al., Phys. Rev. D 96 (2017) 034525

am!

amN
¼ 0.2968ð13Þstat;

am"

amN
¼ 0.7476ð38Þstatð23Þsys; ð54Þ

in which the lattice scale cancels.
In Fig. 12 we compare our results for the " coupling and

mass with the results of previous studies performed by the
CP-PACS collaboration (CP-PACS ’07) [4], the ETMC
collaboration (ETMC ’10) [7], the PACS-CS collaboration
(PACS-CS ’11) [10], Lang et al. (Lang et al. ’11) [9],
the Hadron Spectrum collaboration (HadSpec ’12 and
HadSpec ’15) [12,13], Pellisier et al. (Pellisier et al. ’12)
[11], the RQCD collaboration (RQCD ’15) [14], Guo et al.
(Guo et al. ’16) [17], Bulava et al. (Bulava et al. ’16) [15],
and Fu et al. (Fu et al. ’16) [18]. In the right half of the
figure, we use the values of m! and m" in MeVas reported
in each reference. In the left half of the figure, we instead
use the dimensionless ratios am! =amN and am" =amN ,
where am! and amN are the pion and nucleon masses in
lattice units computed on the same ensemble as am" . The
nucleon masses were obtained from Refs. [69–76].
We find that our value for the coupling g"!! is in good

agreement with previous studies both as a function of m!
and am! =amN . Furthermore, it is consistent with the
general finding that g"!! has no discernible pion-mass
dependence in the region between m! ;phys and approxi-
mately 3m! ;phys.
Concerning the results for the " mass, the left and right

panels of Fig. 12 show very different behavior. This
discrepancy arises from the different methods used to set
the lattice scale on a single ensemble, which can lead to
misleading conclusions. To avoid the substantial

ambiguities associated with the scale setting, we only
consider the dimensionless ratio am" =amN in the following
discussion.
The Nf ¼ 2þ 1 results for am"=amN obtained with

Wilson-Clover-based fermion actions all approximately lie
on a straight line leading to the experimental value (shown
as the filled green circle in Fig. 12). The Nf ¼ 2þ 1 data
points using staggered fermions (Fu et al. ’16) are con-
sistent with that line except for one outlier.
The Nf ¼ 2 results are dispersed around the Nf ¼ 2þ 1

values in both directions. The discrepancies between the
different results could arise from any of several systematic
effects, such as excited-state contamination in the deter-
mination of the !! spectrum or the nucleon mass, various
potential issues in fitting the data, and discretization
errors which manifest themselves for example in deviations
from the relativistic continuum dispersion relation for the
single-pion energies. Additionally, the Lüscher method
only addresses power-law finite volume effects and does
not take into account the exponentially suppressed finite-
volume effects which are estimated to scale asymptotically
asOðe−m! LÞ. Note that for some of the studies, these can be
as high as Oð10%Þ and it is thus not clear whether the
asymptotic regime is reached. An example for systematics
associated with the pion dispersion relation can be seen in
the CP-PACS ’07 study, where the two different results for
am" at the same pion mass were obtained using either the
relativistic continuum dispersion relation or a free-boson
lattice dispersion relation. An example of systematic effects
that might be associated with the data analysis can be seen
when comparing the Pellisier et al. ’12 results with the Guo
et al. ’16 results at am! =amN ≈ 0.3. Both studies used the
same ensemble, but arrive at significantly different values
for the " resonance parameters.
Keeping these caveats in mind, it is nevertheless inter-

esting to note that our Nf ¼ 2þ 1 results for both
am" =amN and g"!! agree well with the recent Nf ¼ 2
results from Guo et al. ’16 at almost the same pion mass.
This suggests that the effects of the dynamical strange
quark are small at m! ≈ 320 MeV. The HadSpec ‘15 study,
which explicitly included the KK̄ channel in their valence
sector, provides further evidence that the strange quark
does not play a major role in the " resonance mass.

VIII. SUMMARY AND CONCLUSIONS

We have presented a (2þ 1)-flavor lattice QCD calcu-
lation of I ¼ 1, P wave !! scattering at a pion mass of
approximately 320 MeV. The calculation was performed in
a large volume of ð3.6 fmÞ3 ! ð10.9 fmÞ and utilized all
irreps of LGðP⃗Þ with total momenta up to jP⃗j ≤

!!!
3

p
2!
L .

Using a method based on forward, sequential, and stochas-
tic propagators that scales well with the volume, we have
achieved high statistical precision (0.35% for am" and
2.3% for g"!! ).

FIG. 11. Final result of fitting the resonant model BW I to the
spectrum via the t-matrix fit. The gray data points are the results
of the individual phase shift extractions for each energy level, and
are not used in the t-matrix fit.

CONSTANTIA ALEXANDROU et al. PHYSICAL REVIEW D 96, 034525 (2017)

034525-16

Decay widths



Fermion bilinear condensate
Random Matrix Theory and the Dirac eigenvalue distribution

Conformal windows of SU(2) and SU(3) gauge theories C.-J. David Lin

2. Random Matrix Theory and SU(2) gauge theory with eight ßavours

We use the plaquette gauge action and unimproved staggered fermions in the simulation. The
lattice volumes,öV = öT⇥ öL3, are öT = öL = 8, 12 and 16. The fermion masses are ömf = amf = 0.005,
0.010 and 0.015. We study the phase structure of this system by computing the chiral condensate.
Investigation of the plaquette and Polyakov loop of this theory was reported in [15]. We use chiral
RMT to extract the chiral condensate from our data. The RMT provides a reliable procedure which
is free from power divergences and Þnite volume effects, if the system is in thee-regime.

The dynamical variables for the RMT are the eigenvalues of anN⇥N matrix, whereN should
be takenN ! •. After suitable rescaling, the eigenvalueszi follow the distribution:

r (b )
N (z1, . . . ,zN; µ1, . . . ,µNf ) = C

N

’
i= 1

 
z b (n+ 1)�1

i e�b z2
i

8N

Nf

’
a= 1

(zi + µ2
a)

!
N

’
i> j

|z 2
i �z 2

j |b , (2.1)

whereNf is the number of ßavours,µa are mass parameters,n is the topological charge, andC is the
overall normalisation. The Dyson indexb is 4 for staggered fermions in the SU(2) fundamental
representation [16]. As pointed out in [17], the corresponding number of ßavours for RMT is
different from that for the lattice simulationNlat.

f :

Nf = 2á
1
4

áNlat.
f = 4, (2.2)

where the factor 2 comes form the 2-fold degeneracy due to pseudo reality of the SU(2) gauge
group, and 1/ 4 is from the taste breaking of staggered fermion.

In this work, we use the distribution of the lowest eigenvalue derived from Eq. (2.1) [18]. The
lowest eigenvalue,l1, of the massless Dirac operator computed on the lattice should follow the
same distribution, after rescaling with the chiral condensateS, as predicted by the RMT:

pRMT
1 (z1; µ)

���
z1= l1VS,µ= mf VS

=
1
öV öS

platt.
1 ( öl1; ömf ), (2.3)

whereöS = a3S, öl1 = al1, V = a4 öV andmf = ömf / a, with öV and ömf being inputs in our lattice sim-
ulations. Equation (2.3) can be used to determineöS, given theplatt

1 (l1;mf ) computed on the lattice,
and the RMT-predictedpRMT

1 (z1, µ). Non-applicability of the RMT for extracting the condensate
means the restoration of chiral symmetry.

The analytic expression ofpRMT
1 (z1, µ) can be complicated. In fact, the available analytic

result for the Gaussian symplectic ensemble is only applicable to cases of fractional topological
charges [18]. For this reason, we use the Hybrid Monte Carlo (HMC) method to obtain the distri-
bution withzi treated as the dynamical variables in Eq. (2.1). We Þnd thatN = 400 is large enough,
such that our results do not show signiÞcantN-dependence. Distributions with various values ofµ
from 0.0 to 100.0 are obtained by the HMC strategy, and then interpolated toµ = mfVS.

Two typical examples of the Þts atn = 0 are shown in Fig.1. The bad Þt (right panel,b =
1.475) gives a very small value ofS, indicating the restoration of chiral symmetry1. According to
the previous study of this system [15], the theory atb = 1.475 is in the weak-coupling phase, while
at b = 1.3 it is in the strong-coupling phase.

1We also observed thatNf = 8 andNf = 16 RMT have a tendency to give poorer Þtting, which is consistent with
the taste breaking. Our data does not show clustering of the eigenvalues for the taste symmetry.
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lowest Dirac-operator eigenvalue

4-volume “quark” mass

condensate

See, e.g., P. Damgaard and S. Nnishigaki, 2001. 



Fermion bilinear condensate
Results for SU(2) gauge theory with 8 fundamental flavours

C.Y-H. Huang, I. Kanamori, C.-J.D.L., K. Ogawa, H. Ohki, A. Ramos, E. Rinaldi, Lattice 2015
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Large anomalous dimension
Step-Scaling a’la Luscher in a nutshell

The step-scaling method
The idea

                                                                                                             M.  Luscher, P.  Weisz, U.  Wolff, 1991.
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